Introduction {#Sec1}
============

The increasing volume of international trade and tourism highly facilitates the rapid spread of infectious diseases around the world. The outbreaks of severe acute respiratory syndrome (SARS) in 2002--2003 and influenza A virus subtype H1N1 in 2009 highlighted the important role of human transportation on the global spread of infectious diseases, see the reviews WHO ([@CR51]) for the spread of SARS, and Khan et al. ([@CR30]) for the spread of influenza along international air traffic routes.

There are several well-known studies which constructed and analysed various metapopulation models, based on differential equations, to describe the spatial spread of infectious diseases in connected regions, see Arino ([@CR2]), Wang ([@CR48]), Arino and Driessche ([@CR5]), Gao and Ruan ([@CR24]), Wang and Zhao ([@CR49], [@CR50]), Arino et al. ([@CR4], [@CR3], [@CR6]), Li and Zou ([@CR32]) and references therein. In this framework, the spatial structure is represented by a finite number of distinct patches, and the population dynamics in the patches is coupled to the dynamics of other patches, to account for the mobility between regions.

The network science approach, focusing on the structure of the network formed by the connections among regions, provided further important insights to understand the role of mobility patterns and heterogeneity in the transmission dynamics and the global invasion of infectious diseases, see Balcan and Vespignani ([@CR9]), Colizza and Vespignani ([@CR14], [@CR15]), Meloni et al. ([@CR36]), Poletto et al. ([@CR40]), Colizza et al. ([@CR13]).

The above mentioned works studied mostly the impact of spatial dispersal of infected individuals from one region to another, and did not consider transportation as a platform of disease transmission. However, contact tracing of passengers provided evidence that during long distance travel, such as intercontinental commercial flights, a single infected passenger may infect several other persons during the flight, see the comprehensive summary for several infectious diseases by European Centre for Disease Prevention and Control ([@CR19]), and references (Bell [@CR10]; European Centre for Disease Prevention and Control [@CR20]; Olsen et al. [@CR39]).

To properly describe the number of generated infections via transportation in the destination region, transport related infections were incorporated into the compartmental model approach in Cui et al. ([@CR16]), Takeuchi et al. ([@CR45]), Liu and Takeuchi ([@CR34]), where it was illustrated that the disease can persist in regions connected by human transportation even if the infection died out in all regions in the absence of travel.

These models assumed that individuals, who left a certain region, arrived immediately to their destination region. In reality, animal transportation can take rather long time; and in the case of human travel, for rapidly progressing diseases such as SARS and influenza, even a fraction of a day can be significant. During travel, passengers are in a closed environment with a high-density layout of seating, exposed to low humidity and hypobaric hypoxia (Mangili and Gendreau [@CR35]; Silverman and Gendreau [@CR41]). Thus, it is more precise to consider the number of infected passengers as a dynamical variable in an environment that is different from residential areas, and then the time needed to complete the travel naturally becomes an important parameter of the model. The pioneering works (Liu et al. [@CR33]; Nakata [@CR37]) formulated submodels for disease transmission dynamics during travel, combining with compartmental models in the regions, but, due to the apparent mathematical difficulties, their analysis is restricted to only two identical regions.

In this manuscript we analyse an epidemic model that includes both infectious disease dynamics during transportation, and an arbitrary number of heterogeneous regions forming a transportation network. These two features together have not been studied before. Our aim is to obtain a qualitative picture of the disease transmission dynamics in a heterogeneous multi-regional environment characterised by respective risk of infection in regions as well as during travel, and to understand the role of the transportation network in the disease transmission dynamics.

The description of the structure of the transportation network is based on directed graphs: the regions are the nodes of the graph, and nodes $\documentclass[12pt]{minimal}
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Many transportation networks are naturally strongly connected (one can go from any region to any other region, possibly via other regions), but there are significant biological reasons to consider not strongly connected networks as well. When an outbreak of an infectious disease is reported, the structure of the transportation network may change from strongly connected to not strongly connected, since individuals likely do not travel to the endemic region, and public health authorities may advise against travelling to high risk regions. Some transportation connections may be shut down in order to implement a disease control policy. The simplest example is the case of two connected regions, when the transportation becomes unidirectional. We explore this case in details in Sect. [6](#Sec9){ref-type="sec"}. The displacement network for the transportation of livestock is a typical example of not strongly connected networks, as animals are moved from farms to slaughterhouses (possibly via several intermediate steps, such as assembling centres), but there is no movement of livestock from the slaughterhouses back to the farms. During the transportation, animals are kept in crowded cages, therefore there is an elevated risk of disease transmission. Such livestock transportation network can be very complex (Bajardi et al. [@CR7]). Migration routes in ecology typically follow a directional trend, such as from South to North because of climate change, downstream in rivers, etc. In those cases the network of the habitats of the species is not strongly connected. Human networks are usually strongly connected. The rural-to-urban migration, however, can be seen as an example for unidirectional transportation if we neglect the short-term mobility such as tourism and business travels. The vector of Chagas disease appeared this way in major cities in South America (Alirol et al. [@CR1]). The presence of tuberculosis in Canada (Zhou et al. [@CR52]) is driven by the constant flow of immigration from developing countries. TB is one of the diseases which is transmissible during travel (European Centre for Disease Prevention and Control [@CR19]). Even if the reproduction number of TB in Canada is $\documentclass[12pt]{minimal}
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Motivated by these examples, we perform a systematic study to analyse the global dynamics for not strongly connected networks. In the literature, most qualitative studies focus only on the case of strongly connected transportation network, see e.g. Li and Zou ([@CR32]), Arino and Driessche ([@CR5]), Arino ([@CR2]), Wang and Zhao ([@CR49]). It seems that there is no established approach to analyse the dynamics with *not* strongly connected networks. Here we develop new analytical tools so that the long term behaviour of systems with not strongly connected transportation networks can also be understood.

The paper is organised as follows. The formulation and the detailed mathematical analysis of the model is given in Sects. [2](#Sec2){ref-type="sec"}--[5](#Sec6){ref-type="sec"} (some detailed calculations are collected in the Appendix), which may be skipped by a mathematically less inclined reader. We provide a rigorously proven and complete characterisation of the asymptotic behaviour of the system for an arbitrary number of regions for any network structure. The main techniques we use are stability theory of delay differential equations, cooperative sublinear systems, and an iterative application of the theory of asymptotically autonomous semiflows. In particular, we show that there always exists a globally asymptotically stable equilibrium. In the case of strongly connected transportation network, the basic reproduction number of the full system (defined as the spectral radius of a next generation matrix), as usual, serves as a threshold: either the disease dies out in every region, or the disease persists in every region. However, if the network is not strongly connected, multiple endemic patterns may emerge: some regions may become endemic, while the disease may be eradicated in some other regions. We provide a systematic method to determine, based on the network structure and local reproduction numbers, which regions become endemic and which regions become disease free. The results are illustrated for the case of two patches in Sects. [6](#Sec9){ref-type="sec"}--[7](#Sec12){ref-type="sec"}. In Sect. [8](#Sec13){ref-type="sec"} we numerically investigate the scenario when the dispersal rates of susceptible and infective individuals are different. Finally, we give a biological interpretation to each analytical result in Sect. [9](#Sec14){ref-type="sec"}.

Model formulation {#Sec2}
=================

We consider an arbitrary number of distinct regions. For $\documentclass[12pt]{minimal}
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The basic reproduction number {#Sec3}
=============================

For system ([2.8](#Sec2){ref-type="sec"}), we construct a next generation matrix to define the basic reproduction number (Diekmann et al. [@CR18]). In absence of infected individuals coming from other regions via the transportation into a region $\documentclass[12pt]{minimal}
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The following inequality gives a biologically meaningful estimation for the basic reproduction number.

**Proposition 3.1** {#d29e4618}
-------------------
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*Proof* {#d29e4682}
-------
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**Proposition 3.2** {#d29e5047}
-------------------
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*Proof* {#d29e5086}
-------
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Population dynamics {#Sec4}
===================
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Asymptotic stability of the total population {#Sec5}
--------------------------------------------
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### *Remark 4.1* {#d29e6476}

For any nonnegative initial function, system ([4.1a](#Equ63){ref-type=""}) generates a strictly positive solution. However, we require the initial function of ([4.1a](#Equ63){ref-type=""}) to be in $\documentclass[12pt]{minimal}
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### **Theorem 4.2** {#d29e6795}

There exists a unique positive equilibrium of ([4.1a](#Equ63){ref-type=""}), where each component is strictly positive. The positive equilibrium is globally asymptotically stable.

### *Proof* {#d29e6804}
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Disease transmission dynamics {#Sec6}
=============================
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**Lemma 5.1** {#d29e7867}
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Strongly connected transportation network {#Sec7}
-----------------------------------------
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### *Remark 5.2* {#d29e8279}
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In Appendix A.1 we apply a threshold type result for cooperative systems of functional differential equations in Zhao and Jing ([@CR53]) to prove the following theorem.

### **Theorem 5.3** {#d29e8881}
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We return to the analysis of ([4.1](#Sec4){ref-type="sec"}) by exploiting the result in Theorem 5.3. We denote by $\documentclass[12pt]{minimal}
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### **Theorem 5.4** {#d29e9231}
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Not strongly connected transportation network {#Sec8}
---------------------------------------------

For not strongly connected transportation networks, $\documentclass[12pt]{minimal}
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                \begin{document}$$p$$\end{document}$th block, see Fig. [1](#Fig1){ref-type="fig"} for an example.Fig. 1Diagram for transmission of the disease when the transportation network is not strongly connected. In this example, there are eight regions categorised by four blocks. The *arrows* indicate the transport connections

### *Remark 5.5* {#d29e9972}
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As in Sect. [5.1](#Sec7){ref-type="sec"}, to consider positive solutions, we exclude the disease free subspace from the phase space. Let$$\documentclass[12pt]{minimal}
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It is straightforward to get the following threshold type result from Theorem 5.4.
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We note that the first statement of Proposition 5.10 implies that one endemic block becomes a trigger to spread the disease to all directly and indirectly accessible blocks via the transportation. The same structure of the equilibrium is found in a multi-patch epidemic model without infection during the transportation in Theorem 4 in Arino and Driessche ([@CR5]).

With Proposition 5.10 we can classify each block as endemic or disease free, which forms an *endemic pattern* in the whole system. The classification can be done in the following steps.
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In Appendix A.1.2 we prove the following result.

### **Theorem 5.11** {#d29e12571}
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### **Corollary 5.12** {#d29e12687}
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Stability boundaries in a two-parameter plane {#Sec9}
=============================================

We visualise stability boundaries in a two-parameter plane for a system of two regions, i.e., $\documentclass[12pt]{minimal}
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                \begin{document}$$\varOmega =\left\{ 1,2\right\} $$\end{document}$. For the two-region system we consider two types of transportation connection as in Sect. [5](#Sec6){ref-type="sec"}, namely bidirectional transportation and unidirectional transportation. Unidirectional transportation may arise in several real scenarios. When an outbreak of an infectious disease in a two-region system is reported, the structure of the transportation network may vary, from bidirectional to unidirectional transportation, since individuals do not likely to travel to the endemic region (Meloni et al. [@CR36]) or one way of transportation may be shut down to implement a disease control program. Rural-to-urban migration can be another example for unidirectional transportation. From the visualization of stability boundaries in a two-parameter plane one can see how the network structure of the transportation affects the disease transmission dynamics.

Bidirectional transportation {#Sec10}
----------------------------
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### **Proposition 6.1** {#d29e13392}
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### **Proposition 6.2** {#d29e13905}
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One can see that the condition ([6.2](#Equ21){ref-type=""}) can be expressed as $\documentclass[12pt]{minimal}
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Unidirectional transportation {#Sec11}
-----------------------------

Next we consider a system with one-way transportation from region $\documentclass[12pt]{minimal}
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Travel restrictions for a two-regional system {#Sec12}
=============================================

Since, for multi-patches epidemic models, the basic reproduction number is given as a spectral radius of the "large" next generation matrix, it is not straightforward to derive biological interpretations. Limiting the number of regions to two, it is possible to derive more analytical results for the basic reproduction number, which may give some insight into the impact of population dispersal on the disease transmission dynamics (Arino and Driessche [@CR5]; Gao and Ruan [@CR24]; Hsieh et al. [@CR29]; Li and Zou [@CR32]). From ([6.4](#Equ23){ref-type=""}) with ([6.3](#Equ22){ref-type=""}), one can observe that the basic reproduction number monotonically increases with respect to the contact rates in the regions, the contact rates in the transportation and the duration of the transportation; but decreases with respect to the mortality rate and recovery rate. This dependency has obvious biological meaning. In the following we elaborate on the influence of two dispersal rates, $\documentclass[12pt]{minimal}
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**Theorem 7.1** {#d29e15236}
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Fig. 4Shape of the basic reproduction number as a function of two dispersal rates
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Monotonicity of the basic reproduction number with respect to the mobility rate is also investigated in Gao and Ruan ([@CR24]), Hsieh et al. ([@CR29]). The authors analytically give sufficient conditions for the monotonicity of the basic reproduction number and present some numerical examples that shows the basic reproduction number nonmonotonically changes with respect to the mobility rate. Here, in Theorem 7.1, we completely characterise the monotone dependency of the basic reproduction number, which takes into account infection during transportation, with respect to one mobility rate. The result in Theorem 7.1 implies that the travel restriction can have both negative and positive impact for disease eradication. The authors in Hsieh et al. ([@CR29]) also find the dilution effect that the basic reproduction number decreases as the mobility rate from a high prevalence patch to a low prevalence patch increases, without assuming the infection during the transportation.
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Simulations for the impact of the reduced travel of infectives {#Sec13}
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Discussion {#Sec14}
==========

We formulated an epidemic model for the spread of an infectious disease along with population dispersal by a system of delay differential equations. The disease transmission dynamics during transportation is described by a system of partial differential equations, structuring the population by the time elapsed since the start of the travel as in Liu et al. ([@CR33]). We improve the submodel for disease transmission dynamics during transportation, by adding the possibility of recovery during travel, and by allowing different mobility rates for susceptible and infective populations. Here, the mobility rate is assumed to depend on the region where the individual currently resides, and the individuals are homogeneously mixed into the local population upon arrival, thus our model fits into the framework of the usual patch models in the literature (Arino [@CR2]; Brauer and Driessche [@CR12]; Cui et al. [@CR16]; Gao and Ruan [@CR24]; Hsieh et al. [@CR29]; Li and Zou [@CR32]; Wang and Zhao [@CR49], [@CR50]), that accounts for long-term mobility such as immigration of infectives. As examples describing short-term mobility such as tourism and business travels, we refer to Arino and Driessche ([@CR5]) and Knipl et al. ([@CR31]), where the mobility rates depend on the individual's original and current locations as well.

To describe the spatial structure and the connectivity of distinct regions, we adopt the concept of directed graph (Fiedler [@CR23]), which is widely used in the context of metapopulation type epidemic models, see Arino ([@CR2]), Arino and Driessche ([@CR5]). See also Colizza and Vespignani ([@CR14], [@CR15]), Meloni et al. ([@CR36]), Poletto et al. ([@CR40]), where the authors use graphs with various degree distributions to capture human mobility patterns during an epidemic. In the present manuscript, the travel matrix $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {A}$$\end{document}$ is either an irreducible or a reducible matrix. Here we consider both types of transportation network and then show that the disease dynamics can be characterised by the structure of the transportation network.

For the multi-regional models without incorporating transport-related infection, it is known that if the transportation network is strongly connected, then the basic reproduction number determines whether the disease free equilibrium is globally stable or the disease is uniformly persistent everywhere, see Wang and Zhao ([@CR49], [@CR50]), Li and Zou ([@CR32]). In Theorem 5.4 we also show that our model admits a threshold-type dynamics: if the basic reproduction number is less than or equal to one then the disease free equilibrium is globally asymptotically stable, while if the basic reproduction number is $\documentclass[12pt]{minimal}
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                \begin{document}$$>$$\end{document}$1 then the endemic equilibrium is globally asymptotically stable. Subsequently we analyse the system when the transportation network is not strongly connected. In the literature, qualitative analysis for multi-regional systems without strongly connected transportation network seems to be limited (except Li and Zou [@CR32]; Arino et al. [@CR3], where only $\documentclass[12pt]{minimal}
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                \begin{document}$$3$$\end{document}$ patches are considered). In Sect. [5.2](#Sec8){ref-type="sec"}, keeping the generality for the number of regions, we consider the disease dynamics in the reducible case. First we show that the whole multi-regional system can be seen as a set of blocks, where regions within each block are strongly connected via the transportation. Then we provide a systematic way to determine the endemic situation in each block, see Proposition 5.10 and the preceding procedure. Proposition 5.10 gives a simple rule: if the block is accessible from other endemic blocks then that block is also endemic, otherwise the basic reproduction number for the particular block determines the endemic situation as stated in Theorem 5.4. Thus, in general, the system admits partially endemic equilibria, where endemic blocks and disease free blocks coexist. We further prove that our model always has an equilibrium that is globally asymptotically stable.

To understand the disease dynamics in a heterogeneous environment, our modelling and analysis suggest that the first priority is to confirm the strong connectivity of the transportation network. If it is strongly connected then the basic reproduction number becomes an important quantity to determine the disease transmission dynamics. If the transportation network is not strongly connected, then we may relabel the regions so that the travel matrix $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {A}$$\end{document}$ has a triangular form ([5.5](#Equ19){ref-type=""}). From this reordering process, the whole multi-regional system will be divided into blocks. By following the procedure in Sect. [5.2](#Sec8){ref-type="sec"} one can determine every possible disease dynamics. Since there may be a source block that spreads the disease to other blocks, one may try to decrease the basic reproduction number of the source block to eradicate the disease.

Our model explicitly incorporates transport-related infection, taking into account the time to complete travel between regions, differently from the models in Arino and Driessche ([@CR5]), Arino et al. ([@CR6]), Bajardi et al. ([@CR8]), Colizza et al. ([@CR13]), Colizza and Vespignani ([@CR14], [@CR15]), Meloni et al. ([@CR36]), Poletto et al. ([@CR40]), Cui et al. ([@CR16]), Liu and Takeuchi ([@CR34]), Wang and Zhao ([@CR49]). The potential impact of the transport-related infection can be also seen from the expression of the basic reproduction number, obtained in ([6.4](#Equ23){ref-type=""}) in Sect. [6](#Sec9){ref-type="sec"}, for a two-regional system. If there is no transport-related infection, one always has $\documentclass[12pt]{minimal}
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                \begin{document}$$r_{12}r_{21}$$\end{document}$ to exceed one, from which the basic reproduction number also exceeds one. Thus the transport-related infection itself may have enough potential to spread the disease in the host population.

We also consider the effect of travel restrictions for the two-regional system via analysing how population dispersal rates change the basic reproduction number in Sect. [7](#Sec12){ref-type="sec"}. Using mathematical models it is reported that travel restriction can delay the outbreak of influenza (Hollingsworth et al. [@CR28]; Bajardi et al. [@CR8]; Epstein et al. [@CR21]). Our results suggest that travel restrictions may not be efficient to control the basic reproduction number. Similar results are obtained in different models (Hsieh et al. [@CR29]; Gao and Ruan [@CR24]). It is also shown that the basic reproduction number does not necessarily decrease as population mobility decreases, see Fig. [5](#Fig5){ref-type="fig"}. Controlling the local infectious process in each region by e.g. reducing contact rates via isolation policy seems to be more efficient to decrease the basic reproduction number than reducing the population mobility. In most real situations, infected individuals are less likely to travel than susceptibles. The impact of this difference on the dynamics is discussed in details in Sect. [8](#Sec13){ref-type="sec"}.

In this manuscript we assume a continuous process of population dispersal. In reality, airline flights or trains, connecting distinct areas, are periodically scheduled, thus mobility can be given by periodic (and possibly discontinuous) functions. This assumption leads to a model by delay differential equations with periodic coefficients, where it is much harder to draw biological conclusions, due to the difficulties in the qualitative analysis. Stochastic components may also play a role in the infectious process, as during the transportation, only a limited number of individuals are confined into one carrier, even when the total volume of transportation is very large (this holds for human travel as well as animal transportation). Coupling the stochastic process during transportation with time delay to a deterministic system on the patches is also challenging. We leave these considerations as future work.

Appendix A {#Sec15}
==========

We introduce a partial order for real vectors as well as real matrices, which will be used throughout the appendix. For two $\documentclass[12pt]{minimal}
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A.1 Disease transmission dynamics {#Sec16}
---------------------------------

### *Proof of Lemma 5.1* {#d29e19059}
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### A.1.1 Strongly connected transportation network {#Sec17}
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#### *Proof of Theorem 5.3* {#d29e20274}
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To discuss the asymptotic stability of equilibria of ([4.1](#Sec4){ref-type="sec"}), we apply the principle of linearised stability, see Theorem 6.8 in Chapter VII in Diekmann et al. ([@CR17]). Denote $\documentclass[12pt]{minimal}
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#### **Lemma 10.1** {#d29e21821}
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#### *Proof* {#d29e21899}
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#### *Proof of Theorem 5.4* {#d29e22366}

First we prove asymptotic stability of equilibria.

#### **Proposition 10.2** {#d29e22372}
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#### **Proposition 10.3** {#d29e24986}
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#### *Proof* {#d29e25063}
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### A.1.2 Not strongly connected transportation network {#Sec18}
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#### *Proof of Proposition 5.10* {#d29e27288}
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#### **Lemma 10.4** {#d29e27665}

There exists a positive equilibrium of ([10.15](#Equ44){ref-type=""}) which is globally asymptotically stable.

#### *Proof* {#d29e27674}

First we show that if a nonnegative equilibrium exists then it is positive and unique. The existence will be proved in the end. We define a map $\documentclass[12pt]{minimal}
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#### *Proof of Theorem 5.11* {#d29e30100}

Since we have the global attractivity of the equilibrium from Proposition 5.10, here we only prove stability. For every $\documentclass[12pt]{minimal}
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A.2 Travel restrictions for a two-regional system {#Sec19}
-------------------------------------------------
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### **Proposition 10.5** {#d29e31748}
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